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Abstract
For a connected Lie group G, we show that a complex structure on
the total space TG of the tangent bundle of G that is left invariant
and has the property that each left translation G-orbit is a totally
real submanifold is induced from a smooth immersion of TG into the
complexification GC of G. For G compact and connected, we then
characterize left invariant and biinvariant complex structures on the
total space T∗G of the cotangent bundle of G which combine with the
tautological symplectic structure to a Ka¨hler structure.
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1 Introduction
In [HRS09], the first named author has developed, in collaboration with two
physicists, a gauge model for quantum mechanics on a stratified space. The
underlying unreduced phase space is the total space T∗G of the cotangent
bundle of a compact connected Lie group G, endowed with the tautological
symplectic structure, and the reduced phase space is the singular symplectic
quotient of T∗G with respect to conjugation. The standard identification
of T∗G with the complexification GC of G via a choice of invariant inner
product on the Lie algebra g of G and the standard polar decomposition
map from TG ∼= G× g to GC turns T∗G into a Ka¨hler manifold, the Ka¨hler
structure being G-biinvariant. We refer to this structure as the standard
structure. At the reduced level, the gauge model in [HRS09] is built on the
associated singular Ka¨hler quotient. The complex structure on T∗G result-
ing from the identification with GC has no interpretation in physics, and
the question arises as to what extent the physical interpretation depends on
the choice of complex structure. To attack this question, as a preliminary
step, in the present paper, we classify all left invariant and all biinvariant
complex structures on T∗G which combine with the tautological symplectic
structure to a Ka¨hler structure. To this end, we elaborate on an approach
in [Bie03] aimed at describing Ka¨hler structures on a space of the kind T∗G
and at exploring their Ricci curvatures. In a sense, we globalize some of the
results in [Bie03]. More precisely, we show that, given a connection 1-form
and a horizontal 1-form as in Proposition 3.1 of [Bie03], when these forms
satisfy the integrability conditions spelled out in that Proposition and hence
determine a complex structure on P = G× g ∼= TG, this complex structure
on P is actually induced from a smooth immersion P → GC. A precise
statement is given as Theorem 3.1 below. In Theorem 3.2 we will, further-
more, give a criterion which characterizes those complex structures J on P
which are G-biinvariant. In Theorem 5.1, for G compact and connected, we
then single out those complex structures on T∗G which combine with the
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tautological symplectic structure to a Ka¨hler structure. In Subsection 5.3,
we illustrate our approach with a class of examples more general than the
standard structure on T∗G.
This paper is based on the second-named author’s doctoral dissertation
to be submitted in partial fulfillment of the requirements for the PhD degree
at the university Lille 1.
2 Gauge theory with structure group acting from
the left
In the standard setup, cf. e. g. [KN63], the structure group acts on the total
space of a principal bundle from the right. Below we will work with principal
bundles having structure group acting from the left. For ease of exposition,
and to introduce notation, we briefly explain the requisite formalism.
Let G be a Lie group and g its Lie algebra of left invariant vector fields,
the Lie bracket being written as [ · , · ]. We denote the Lie algebra of right
invariant vector fields on G by g, with Lie bracket [ · , · ]− : g×g→ g. When
we identify g with g as vector spaces via the canonical identifications with
the tangent space TeG to G at the identity element e of G, the bracket
[ · , · ]− gets identified with the negative of [ · , · ].
Given a smooth manifold M and a vector space V , let A(M,V ) denote
the graded vector space of V -valued differential forms on M . We denote the
de Rham operator by d. Let ξ : P →M be a principal G-bundle having the
structure group G acting on P from the left, let V be a right G-module,
write Abasic(P, V ) ⊆ A(P, V ) for the graded vector space of basic V -valued
differential forms on P and, with an abuse of notation, write the induced
infinitesimal g-action on V from (beware) the left as [ · , · ]− : g × V → V .
This infinitesimal action induces the pairing
[ · , · ]− : A(P, g)×A(P, V ) −→ A(P, V ). (2.1)
The pairing (2.1) is, in particular, defined on A(G, g), and the right
invariant Maurer-Cartan form ωG : TG→ g ofG satisfies theMaurer-Cartan
equation or structure equation
dωG +
1
2 [ωG, ωG]
− = 0. (2.2)
A connection form for ξ is a g-valued 1-form θ : TP → g which, on the
vertical part of TP , restricts to the obvious extension of the right invariant
Maurer-Cartan form ωG and which is G-equivariant in the sense that
θ(xY ) = Adx(Y ),
for any tangent vector Y to P and x ∈ G. The curvature of θ is then given
by the (familiar) expression
dθ + 12 [θ, θ]
− ∈ A2(P, g), (2.3)
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necessarily a basic g-valued 2-form on P . On the basic forms Abasic(P, V ),
the operator dθ of covariant derivative is given by
dθ = d+ [θ, · ]− : Abasic(P, V ) −→ Abasic(P, V ), (2.4)
where the notation [ · , · ]− is slightly abused. Notice that the values of
the sum d + [θ, · ]− (restricted to Abasic(P, V )) lie in Abasic(P, V ) but not
necessarily the values of the individual operators d or [θ, · ]−.
3 Invariant complex structures on the total space
of the tangent bundle of a Lie group
3.1 Left invariant complex structures
We write the tangent bundle of a smooth manifold M as τM : TM → M .
Let G be a connected Lie group. Henceforth the terms left translation and
right translation mean left translation and right translation, respectively,
with respect to members of G. We will say that a complex structure J on
the total space TG of the tangent bundle of G is admissible when J is left
invariant and when each left translation G-orbit is a totally real submanifold.
Our aim is to explore such admissible complex structures.
Let GC be the complexification of G [Hoc66]; we denote the image of G
in GC by G. When G is compact—our main case of interest—the canoni-
cal homomorphism from G to GC is injective, and we can identify G with
G. For general G, a left translation equivariant immersion of TG into GC,
necessarily onto an open subset, plainly induces a left translation invariant
complex structure on TG, and when the immersion is also right translation
equivariant, the complex structure on TG is biinvariant. Theorem 3.1 below
says that any left translation invariant complex structure on TG arises in
this manner.
For the rest of the paper, it will be convenient to trivialize the tangent
bundle of G and to play down the linear structure of the fibers. When
we view the Lie algebra g (of left-invariant vector fields on G) merely as
an affine manifold, we write it as Ag. Left translation yields the familiar
G-equivariant diffeomorphism
G× Ag −→ TG, (3.1)
the left G-action on the factor Ag being trivial, and we will exclusively work
with G×Ag (rather than with TG). Accordingly we will say that a complex
structure J on G×Ag is admissible when J is left G-invariant and when each
left translation G-orbit is a totally real submanifold; we will then say that J
is an admissible almost complex structure when J is not required to satisfy
the integrability condition. Notice that (3.1) is also G-equivariant relative
to right translation when the G-action on G×Ag from the right is given by
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right translation in G and the adjoint action on Ag. Notice also that there
is an obvious bijective correspondence between admissible (almost) complex
structures on TG and on G× Ag.
Let γ : Ag → G
C be a smooth map having the property that the com-
posite
Ag
γ
−−−−→ GC
π
−−−−→ G
∖
GC (3.2)
is a smooth map of maximal rank; the domain and range of γ being smooth
manifolds of the same dimension, γ is necessarily an immersion and, fur-
thermore, a submersion onto an open subset of G
∖
GC. Then the map
Πγ : G× Ag −→ G
C, (x, a) 7−→ x γ(a), (3.3)
is a left translation equivariant smooth immersion onto an open subset of
GC. Hence the complex structure of GC induces an admissible complex
structure Jγ on G× Ag. We will refer to (3.3) as the generalized polar map
associated to γ. Notice when γ is equivariant with respect to the adjoint
action and G-conjugation in GC, the complex structure Jγ is also right
translation invariant and hence biinvariant.
Theorem 3.1. Let J be an admissible complex structure on G×Ag. There is
a smooth map γJ : Ag → G
C, unique up to right multiplication by a constant
member of GC, such that the associated generalized polar map (3.3) is a
left translation equivariant holomorphic immersion onto an open subset of
GC, and the composite π ◦ γ : Ag → G
∖
GC is necessarily an immersion. In
particular, when γJ is G-equivariant relative to the adjoint action and G-
conjugation in GC, the map ΠγJ is also right translation equivariant, and
the complex structure J is then right invariant as well and hence biinvariant.
Under the circumstances of Theorem 3.1, we will say that γJ is an ad-
missible map inducing J . Notice we do not assert that a biinvariant ad-
missible complex structure J on G × Ag is induced from a G-equivariant
map γJ : Ag → G
C. In the next subsection we shall explain how a general
biinvariant complex structure arises.
3.2 Biinvariant complex structures
The description of biinvariant complex structures on G× Ag ∼= TG is more
subtle. To prepare for it, let G be a group, H ⊆ G a subgroup, and B a
simply connected (left) H-manifold. The group H acts on Map(B,G) by
the association
H ×Map(B,G) −→ Map(B,G), (x, γ) 7−→ xγ,
given by the explicit expression
xγ : B −→ G, xγ(b) = xγ(x−1b)x−1, x ∈ H, γ : B → G.
5
Thus a smooth map γ : B → G isH-equivariant if and only if γ is fixed under
the H-action on Map(B,G). We will say that a smooth map γ : B → G is
quasi H-equivariant when there is a smooth map c : H → G such that
γ−1(b) xγ(b) = c(x), x ∈ H, b ∈ B. (3.4)
Thus a smooth map γ : B → G is H-equivariant if and only if it is quasi H-
equivariant relative to the constant smooth map c : H → G where c(x) = e
as x ranges over H. Accordingly, we will say that a smooth left equivariant
map Π: G× Ag → G
C is quasi right G-equivariant when there is a smooth
map c : G→ GC such that
Π((x, Y )z) = Π(x, Y )c(z)z, x ∈ G, Y ∈ Ag, z ∈ G. (3.5)
In particular, a smooth left equivariant map Π: G×Ag → G
C is biinvariant
if and only if it is quasi right G-equivariant relative to the constant smooth
map c : G→ GC where c(x) = e as x ranges over G.
Theorem 3.2. Under the circumstances of Theorem 3.1, the left invariant
complex structure J on G×Ag is biinvariant if and only if the smooth map
γJ : Ag → G
C is, furthermore, quasi G-equivariant.
3.3 The standard structure
An example of a generalized polar map is the ordinary polar map. With the
notation
γst : Ag −→ G
C, γst(a) = exp(ia), a ∈ Ag, (3.6)
the ordinary polar map takes the form
Π = Πst : G× Ag −→ G
C, (x, a) 7−→ xγst(a), x ∈ G, a ∈ Ag. (3.7)
For G compact, this map is a diffeomorphism and thus plainly induces an
admissible complex structure on G × Ag; we refer to this structure as the
standard complex structure on G×Ag and denote it by Jst.
For general G, in view of the classical expression for the derivative of
the exponential mapping, cf. e. g. [Hel84] (II.1.7), in terms of the gC-valued
1-form
φst = (dγst)γ
−1
st : TAg → g⊕ ig,
at a ∈ Ag, the derivative
(dφst)a : TaAg ∼= g→ Texp(ia)G
C → TeG
C = g⊕ ig
is given by the association
V 7−→
cos(ad(a))− Id
ad(a)
(V ) + i
sin(ad(a))
ad(a)
(V ), V ∈ g. (3.8)
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When G is not compact, in general, the canonical map G → GC is not
injective, and the projection G→ G to the image G of G in GC is a covering
projection. Moreover, even when the complexification map G → GC is
injective (so that G → G identifies the two groups), the topology of G
∖
GC
is in general non-trivial. This happens, for example, when G = SL(2,R).
Furthermore, in general, the ordinary polar map Πst is not even a local
diffeomorphism: Indeed, in view of (3.8), at a ∈ Ag, the derivative of (3.2)
is given by the association
TAg ∼= g −→ g, V 7−→
sin(ad(a))
ad(a)
(V ), V ∈ g. (3.9)
Hence (3.2) is a local diffeomorphism at a ∈ Ag if and only if the linear en-
domorphism sin(ad(a))ad(a) of g is invertible. This explains why, for non-compact
semisimple G, the adapted complex structure is not defined on all of TG;
see e. g. [Szo˝04] for details.
3.4 The infinitesimal version
We view the left invariant Maurer-Cartan form of G as a trivializable prin-
cipal left G-bundle ωG : TG → Ag. Via the trivialization (3.1), this bundle
comes down to the trivial principal left G-bundle prAg : G × Ag → Ag. For
better readability, in the present subsection, we will write the total space
G × Ag as P . We denote the resulting foliation of P given by the fibers of
ωG by FG, and we write the tangent bundle of FG as τFG : TFG → P . The
vector bundle τFG is the vertical subbundle of the tangent bundle τP of P
with respect to principal left G-structure of P .
The fundamental vector field map g×P −→ TP identifies the trivial vec-
tor bundle prP : g× P → P on P with the vertical subbundle τFG : TFG → P
of τP : TP → P . Likewise, the obvious map is a diffeomorphism
G× TAg → P ×Ag TAg.
Consequently the fundamental exact vector bundle sequence associated to
the principal left G-bundle prAg : P → Ag takes the form
0 −−−−→ g× P −−−−→ TP −−−−→ G× TAg −−−−→ 0. (3.10)
The projection prAg induces an isomorphism
A(Ag, g) −→ Abasic(P, g) = Abasic(G× Ag, g) (3.11)
of graded vector spaces onto the graded vector space of basic forms. We
will say that a basic g-valued 1-form on P = G × Ag is regular when the
associated g-valued 1-form on Ag has maximal rank, that is, is an isomor-
phism TaAg → g of real vector spaces for every point a of Ag. The following
observation is essentially Proposition 3.1 in [Bie03], and we refer to that
paper for a proof. We reproduce the wording here to introduce notation.
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Proposition 3.3. (i) Let J be an admissible almost complex structure on
P = G × Ag and let τP = τFG ⊕ J(τFG) be the associated Whitney sum
decomposition of the tangent bundle τP : TP → P of P as a sum of the
vertical subbundle τFG and J(τFG) : J(TFG)→ P . Then the projection
TP = TFG ⊕ J(TFG) −→ TFG,
combined with the projection TFG ∼= g × P −→ g, yields a principal left
G-connection form θJ : TP → g for prAg, and the g-valued 1-form
LJ = −θJ ◦ J : TP → g (3.12)
is basic and regular.
(ii) Conversely, a left G-connection form θ : TP → g for prAg and a basic
regular g-valued 1-form L : TP → g determine a unique admissible almost
complex structure J on P = G× Ag such that θ = θJ and L = LJ .
(iii) Under the circumstances of (i) or (ii) above, the almost complex struc-
ture J is integrable if and only if
FθJ = LJ ∧
− LJ (=
1
2 [LJ , LJ ]
−) ∈ A2(TP, g), (3.13)
dθJLJ = 0. (3.14)
3.5 Interpretation in terms of the complexified Lie algebra
The bundle prAg : G×Ag → Ag being trivial, the associated (trivial) principal
left G-connection form θG : T(G×Ag) −→ g is the obvious extension of the
right invariant Maurer-Cartan form ωG : TG → g of G to a principal left
G-connection form on G× Ag.
Let J be an admissible almost complex structure on G×Ag. Let (θ, L) be
the pair of g-valued 1-forms on G×Ag associated to J by the construction in
Proposition 3.3. Let cθ : TAg → g denote the g-valued 1-form on Ag whose
extension cGθ : G × TAg → g to G × TAg yields, via the projection from
T(G× Ag) to G× TAg, a uniquely determined basic form c
G
θ on G× Ag so
that
θ = θG + c
G
θ . (3.15)
Likewise let sL : TAg → g be the g-valued 1-form on Ag of maximal rank
associated to the basic 1-form L through the identification (3.11).
Lemma 3.4. (i) Let J be an admissible almost complex structure on G×Ag,
let (θ, L) be the pair of g-valued 1-forms on G × Ag associated to J by the
construction in Proposition 3.3, and let (cθ, sL) be the associated pair of
1-forms on Ag. The g
C-valued 1-form
φJ = cθ + isL : TAg −→ g
C = g⊕ ig (3.16)
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on Ag has the property that its imaginary part TAg → g (component of φJ
into i g) has maximal rank.
(ii) Every gC-valued 1-form on Ag whose imaginary part has maximal rank
arises in this manner from an almost complex structure J on G×Ag of the
kind spelled out in (i).
(iii) Under the circumstances of (i) or (ii), the almost complex structure J
on G×Ag is integrable if and only if φJ satisfies the integrability condition
dφJ + φJ ∧
− φJ ∈ A
2(Ag, g). (3.17)
Proof. The pair (θ, L) satisfies the integrability conditions (3.13) and (3.14)
if and only if φJ satisfies the integrability condition
dφJ + φJ ∧
− φJ ∈ A
2(Ag, g). (3.18)
For illustration, and to introduce notation, suppose that G is compact
(and connected), and let (θst, Lst) be the pair arising from the standard
complex structure Jst on G
C; in terms of the obvious trivialization TAg ∼=
Ag × g, the associated g
C-valued 1-form φst : TAg −→ g
C on Ag, cf. (3.16)
and (3.8) above, is given by
φst = (dγst)γ
−1
st = cst + isst,
(cst)a(V ) =
cos(ad(a))− Id
ad(a)
(V ) =
∞∑
j=1
(−1)j
(2j)! ad
2j−1(a)(V )
(sst)a(V ) =
sin(ad(a))
ad(a)
(V ) =
∞∑
j=0
(−1)j
(2j+1)!ad
2j(a)(V ),
(3.19)
where a ∈ Ag, V ∈ g. Consequently, given a point a of Ag and, furthermore,
X ∈ TeG = g = g (identifications as real vector spaces) and V ∈ TaAg ∼=
g = g, the values θst(X,V ) and Lst(X,V ) are given by
(θst)(e,a)(X,V ) = X +
cos(ad(a))− Id
ad(a)
(V ),
(Lst)(e,a)(X,V ) =
sin(ad(a))
ad(a)
(V ).
These are exactly the expressions given as (3.5) and (3.6) in [Bie03].
3.6 Proof of Theorem 3.1
Let J be an admissible almost complex structure on P = G×Ag. Let φJ ∈
A1(Ag, g
C) be the associated gC-valued 1-form, cf. Lemma 3.4, and suppose
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that φJ satisfies the integrability condition (3.17). Then φJ integrates to a
smooth map γJ : Ag → G
C so that
φJ = (dγJ)γ
−1
J . (3.20)
The map γJ is unique up to a constant in G
C, that is, given γ1J and γ
2
J
satisfying (3.20), γ2J = γ
1
Jc for some c ∈ G
C. By construction, the associ-
ated generalized polar map (3.3) is holomorphic. Moreover, the composite
(3.2) is a smooth map of maximal rank between smooth manifolds of the
same dimension and hence an immersion. Consequently ΠγJ is as well an
immersion.
3.7 Proof of Theorem 3.2
For clarity, we will momentarily proceed under somewhat more general cir-
cumstances than actually needed for the proof of the theorem. Thus, as
before, consider a group G, a subgroup H ⊆ G, and a simply connected
(left) H-manifold B.
Lemma 3.5. Given a smooth G-valued map γ : B → G, the associated
1-form (dγ)γ−1 ∈ A1(B, g) is H-equivariant if and only if γ is quasi H-
equivariant, that is, if and only if there is a smooth G-valued function
c : H −→ G
on H such that
γ−1(b) xγ(b) = c(x), x ∈ H, b ∈ B.
Proof. This is routine and left to the reader.
Corollary 3.6. Let β ∈ A1(B, g) be an H-equivariant 1-form that satisfies
the integrability condition dβ + β ∧− β = 0, and let γ : B → G integrate β
in the sense that β = (dγ)γ−1. Then there is a smooth G-valued function
c : B → G on B such that
γ(xb) = xγ(b)c(x−1)x−1, x ∈ H, b ∈ B. (3.21)
Now we prove Theorem 3.2. Let J be a biinvariant admissible complex
structure on G×Ag. View J merely as a left translation invariant complex
structure, let (θ, L) denote the associated pair of g-valued 1-forms, let
φJ = ψθ + iλL : TAg −→ g
C = g⊕ ig (3.22)
be the resulting integrable gC-valued 1-form on Ag, cf. (3.16), and let
γJ : Ag → G
C be a smooth map that integrates φJ ; thus φJ equals (dγJ )γ
−1
J .
10
By construction, the associated generalized polar map (3.3) is holomorphic,
and the composite
Ag
γJ−−−−→ GC
π
−−−−→ G
∖
GC (3.23)
is a smooth map of maximal rank.
Since J is as well right translation invariant, so is φJ . By Corollary 3.6,
there is a smooth GC-valued function c : G→ GC such that
γJ(zY z
−1) = zγJ(Y )c(z
−1)z−1, z ∈ G, Y ∈ Ag. (3.24)
Consequently
ΠγJ ((x, Y )z) = (ΠγJ (x, Y ))c(z)z. (3.25)
3.8 Explicit description of the almost complex structure
The constructions being left G-invariant, it suffices to spell out an explicit
expression for the (almost) complex structure J on G × Ag in Proposition
3.3 in terms of the two 1-forms cθ and sL at the points of G×Ag of the kind
(e, a) as a ranges over Ag.
Proposition 3.7. Let c : TAg → g and s : TAg → g be two g-valued 1-forms
on Ag, the 1-form s being of maximal rank. For each a ∈ Ag, the expression
J(e,a)(u, v) = (−sa(v) − cas
−1
a (u+ ca(v)), s
−1
a (u+ ca(v))), (3.26)
as u ranges over TeG = g and v over TaAg ∼= g, yields a complex structure
J(e,a) on the tangent space T(e,a)(G × Ag) to G × Ag at the point (e, a) of
G × Ag, and G-left translation then yields an admissible almost complex
structure J on G × Ag. In particular, when (c, s) is the pair (cθ, sL) of 1-
forms on Ag arising from a given admissible almost complex structure J on
G×Ag, the expression (3.26) yields J in terms of cθ and sL.
Proof. This is left to the reader.
4 Invariant Ka¨hler forms
Recall that θG : T(G × Ag) → g denotes the trivial principal G-connection
form (relative to the obvious principal left G-structure on G × Ag). For
better readability, we continue to denote G×Ag by P whenever appropriate.
Given a (left) G-manifold M , we denote the fundamental vector field on M
associated to X ∈ g by XM .
Lemma 4.1. Given a G-equivariant map µ : G×Ag → g
∗, this map µ is a
momentum for ω = −d〈µ, θG〉 in the sense that
iXPω = d〈µ,X〉, X ∈ g. (4.1)
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Proof. Let X ∈ g and write Θ = 〈µ, θG〉. Then
0 = LXP (Θ) = (diXP + iXP d)(Θ)
d(Θ(XP )) = iXPω
Θ(XP ) = 〈µ, θG〉(XP ) = 〈µ, θG(XP )〉 = 〈µ,X〉,
whence the assertion.
The following is entirely classical.
Proposition 4.2. Given a hamiltonian G-manifold (M,G,ω, µ) with G-
action on M from the left,
ω(XM , YM ) = 〈µ, [X,Y ]〉, X, Y ∈ g. (4.2)
For intelligibility, we will now recall from Proposition 3.3 that, given an
admissible (almost) complex structure J on G×Ag, the notation being that
established in Proposition 3.3, the g-valued 1-form
sGJ = LJ = −θJ ◦ J : TP → g
is basic and regular and that
θJ = θG + c
G
J
dLJ = −[c
G
J , LJ ]
− = [cGJ , LJ ].
Theorem 4.3. Let J be an admissible complex structure on G × Ag, let
γJ : Ag → G
C be an admissible map inducing it, and let sJ and cJ be the
two associated g-valued 1-forms on Ag characterized by the identity
(dγJ )γ
−1
J = cJ + isJ ∈ A
1(Ag, g
C).
Moreover let µ : G × Ag → g
∗ be a G-equivariant map, and suppose that
ω = −d〈µ, θG〉 is symplectic. Then J and ω combine to a pseudo Ka¨hler
structure on G×Ag (necessarily having momentum mapping µ) if and only
if the two real 1-forms 〈µ, cJ 〉 and 〈µ, sJ〉 on Ag are closed. Furthermore,
the Ka¨hler form ω is then given by the expression
ω = −d〈µ, θJ 〉. (4.3)
Finally, when f : G×Ag → R is the G-invariant extension of an integral of
〈µ, sJ〉 on Ag, i. e., when f is a smooth real G-invariant function on G×Ag
whose restriction to {e} × Ag satisfying the identity
df = 〈µ, sJ〉, (4.4)
the function 2f is a Ka¨hler potential on G×Ag, that is, satisfies the identity
ω = 2i∂∂f. (4.5)
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Lemma 4.4. Under the hypotheses of Theorem 4.3, save that we de not
assume that ω = −d〈µ, θG〉 is non-degenerate, the following hold.
(i) The data θJ , LJ and µ determine a smooth G-equivariant map
Ψ: G× Ag → Hom(g, g
∗) (4.6)
satisfying the identity
dθµ = Ψ ◦ LJ : T(G× Ag) −→ g −→ g
∗ (4.7)
in the sense that, for any (x, a) ∈ G× Ag, the composite
T(x,a)(G× Ag)
(LJ )(x,a)
−−−−−−→ g
Ψ(x,a)
−−−−→ g∗
coincides with (dθµ)(x,a).
(ii) Given X,Y ∈ g,
ω(XP , JYP ) = 〈X,Ψ(Y )〉. (4.8)
(iii) The map Ψ is symmetric in the sense that 〈X,Ψ(Y )〉 = 〈Y,Ψ(X)〉 for
any X,Y ∈ g if and only if the real 1-form 〈µ, sJ〉 on Ag is closed.
Complement to Theorem 4.3 Under the circumstances of the theorem,
the metric g is given by the expression
g = 〈Ψθ, θ〉+ 〈L, dθµ〉+ 〈µ, [L, θ]〉. (4.9)
Proof of Lemma 4.4. Since the g-valued 1-form sJ has maximal rank every-
where, the data θJ , LJ and µ determine a smooth map Ψ: Ag → Hom(g, g
∗)
satisfying the identity
dθµ = Ψ ◦ sL : TAg −→ g −→ g
∗ (4.10)
in the sense that, for every point a of Ag, the composite
TaAg ∼= g
(sJ)a
−−−−→ g
Ψa−−−−→ g∗
coincides with (dθµ)a. The map (4.6) is then the unique G-equivariant
extension to all of G×Ag. This establishes (i).
Let X,Y ∈ g. By construction,
Ψ(X) = Ψ(LJ(JXP )) = Ψ(θJ(XP )) = d
θµ(JXP )
ω(XP , JYP ) = 〈X, dµ(JYP )〉
= 〈X, dθµ(JYP )〉 since JYP horizontal
= 〈X,Ψ(LJ (JYP ))〉
= 〈X,Ψ(Y )〉,
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whence (ii) holds.
Finally to prove (iii), we note first that the integrability condition (3.14),
viz. dθJLJ = 0, implies that
d〈µ,LJ〉 = 〈d
θJµ ∧ LJ〉. (4.11)
Let X,Y ∈ g. Then
〈dθµ ∧ LJ〉(JXP , JYP ) = 〈d
θµ(JXP ), LJ (JYP ))〉 − 〈d
θµ(JYP ), LJ (JXP ))〉
= 〈Ψ(X), Y 〉 − 〈Ψ(Y ),X〉.
Hence the closedness of 〈µ,LJ〉 implies the symmetry of Ψ. Since the 1-form
LJ is basic, it vanishes on vertical vectors whence the symmetry of Ψ implies
the closedness of 〈µ,LJ〉.
Remark 4.5. Under the hypotheses of Theorem 4.3, when J and ω combine
to a pseudo Ka¨hler structure, in view of Lemma 4.4 (ii), for any point (x, a)
of G × Ag, the linear map Ψ(x,a) : g → g
∗ is invertible, and the constituent
〈L, dθµ〉 of (4.9) can be written as
〈L, dθµ〉 = 〈Ψ−1dθµ, dθµ〉. (4.12)
In particular, 〈L, dθµ〉 is a symmetric bilinear form, and the metric (4.9) can
be written as
g = 〈Ψθ, θ〉+ 〈Ψ−1dθµ, dθµ〉+ 〈µ, [L, θ]〉. (4.13)
This is essentially the same expression as [Bie03] (4.2).
Remark 4.6. At every point of P = G×Ag, the tangent space is spanned by
vectors arising from fundamental vector fields XP and vector fields of the
kind JYP , as X and Y range over g.
Lemma 4.7. Under the hypotheses of Theorem 4.3, when J and ω com-
bine to a pseudo Ka¨hler structure, the metric g = ω( · , J · ) is given by the
expression (4.9) and the Ka¨hler form ω by the expression (4.3).
Proof. Let X,Y ∈ g. A straightforward calculation yields
〈ΨθJ , θJ〉(XP , YP ) = g(XP , YP )
〈µ, [LJ , θJ ]〉(JXP , YP ) = g(JXP , YP )
〈µ, [LJ , θJ ]〉(XP , JYP ) = g(XP , JYP )
〈LJ , d
θJµ〉(JXP , JYP ) = g(JXP , JYP ),
and evaluation of any of the three constituents on the right-hand side of
(4.9) at argument pairs not already spelled out is zero. In view of Remark
4.6, this shows that the metric g = ω( · , J · ) is given by the expression (4.9).
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Likewise, in view of (3.13), we find
ω = g(J · , · ) = 〈ΨθJ, θ〉+ 〈LJ, dθµ〉+ 〈µ, [L, θ](J · , · )〉
〈ΨθJ, θ〉 = −〈dθµ, θ〉
〈LJ, dθµ〉 = 〈θ, dθµ〉
〈µ, [L, θ](J · , · )〉 = 〈µ, θ ∧ θ − L ∧ L〉 = −〈µ, dθ〉
g(J · , · ) = −(〈dθµ, θ〉 − 〈θ, dθµ〉+ 〈µ, dθ〉)
= −(〈dµ, θ〉 − 〈θ, dµ〉+ 〈µ, dθ〉)
− (〈[cGJ , µ]
−, θ〉 − 〈θ, [cGJ , µ]
−〉)
= −d〈µ, θ〉.
Consequently the Ka¨hler form ω is given by the expression (4.3).
Proof of Theorem 4.3. The “Furthermore statement” has been established
already in Lemma 4.7.
Suppose first that 〈µ, cGJ 〉 and 〈µ,LJ〉 are closed. We must show that J
is compatible with ω. Since 〈µ, cGJ 〉 is closed,
d〈µ, θJ 〉 = d〈µ, θG〉+ d〈µ, c
G
J 〉
= d〈µ, θG〉 = −ω,
that is, 〈µ, θJ〉 is a symplectic potential for ω.
Let X,Y ∈ g. Since JXP and JYP are horizontal, since c
G
J vanishes on
vertical vector fields, and since [XP , YP ] = −[X,Y ]P , we find
ω(JXP , JYP ) = d〈µ, θJ〉(JYP , JXP )
= 〈dµ(JYP ), θJ(JXP )〉 − 〈dµ(JXP ), θJ(JYP )〉
+ 〈µ, θJ〉[JXP , JYP ]
= 〈µ, θJ〉[JXP , JYP ]
= −〈µ, θJ [XP , YP ]〉
= 〈µ, θJ [X,Y ]P 〉
= 〈µ, [X,Y ]〉.
In view of Proposition 4.2, we deduce
ω(JXP , JYP ) = ω(XP , YP ). (4.14)
Next, by Lemma 4.4 (ii),
ω(XP , JYP ) = 〈X,Ψ(Y )〉
ω(YP , JXP ) = 〈Y,Ψ(X)〉,
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and, since ω(JXP , JJYP ) = ω(YP , JXP ), by Lemma 4.4 (iii),
ω(XP , JYP ) = ω(JXP , JJYP ),
since the real 1-form 〈µ,LJ〉 is closed. In view of Remark 4.6, these cal-
culations show that the closedness of 〈µ, cGJ 〉 and 〈µ,LJ〉 implies that J is
compatible with ω.
Conversely, suppose that J is compatible with ω. Then
ω(XP , JYP ) = ω(JXP , JJYP )
and, since ω(JXP , JJYP ) = ω(YP , JXP ), we conclude
〈X,Ψ(Y )〉 = ω(XP , JYP ) = ω(YP , JXP ) = 〈Y,Ψ(X)〉,
whence, by Lemma 4.4 (iii), the real 1-form 〈µ,LJ〉 is closed. Finally, by
Lemma 4.7,
ω = −d〈µ, θJ〉 = −d〈µ, θG〉 − d〈µ, c
G
J 〉.
Since ω = −d〈µ, θG〉, we conclude that the real 1-form 〈µ, c
G
J 〉 is closed.
To establish the “Finally” assertion we recall that, by construction, cf.
(3.12), L = −θ ◦ J . Using the fact that, relative to the decomposition
TM ⊗ C = TholM ⊕ TholM of the total space TM ⊗ C of the complexified
tangent bundle of M = G × Ag into its holomorphic and antiholomorphic
constituents, keeping in mind that, on TholM , the complex structure is given
by multiplication by i and on TholM by multiplication by −i, we find
ω = −d〈µ, θ〉 = −d(〈µ,L ◦ J〉) = −d(〈µ,L〉 ◦ J)
= −d((df) ◦ J) = −d((∂f) ◦ J + (∂f) ◦ J)
= −(∂ + ∂)(i(∂f) − i(∂f)) = −i∂∂f + i∂∂f
= 2i∂∂f.
5 The case when G is compact
Suppose that G is compact and connected. Pick an invariant inner product
· : g × g → R on g and use it to identify g with g∗. The induced biinvari-
ant Riemannian metric on G identifies TG with T∗G in a G-biequivariant
manner. Let µ : G×Ag → g
∗ be the G-equivariant map G× Ag → g
∗ which,
restricted to {e}×Ag, is the adjointness isomorphism ♯ : g→ g
∗ of the inner
product on g (the identity of g when we identity g∗ with g via ♯). Under the
resulting G-biequivariant identification
T∗G −→ TG −→ G× Ag,
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the G-biinvariant 1-form 〈µ, θG〉 on G × Ag corresponds to the tautologi-
cal 1-form on T∗G, and µ is the momentum mapping for ω = −d〈µ, θG〉,
uniquely determined by ω up to a central value. By construction, under the
identification of T∗G with TG induced by the chosen inner product on g,
the standard cotangent bundle symplectic structure corresponds to ω.
5.1 Ka¨hler structures on T∗G
Let J be the standard complex structure on G× Ag, cf. Subsection 3.3. In
view of (3.19), the G-invariant 1-form 〈µ, cGst〉 is zero, and
〈µ, sGst〉a(V ) =
∞∑
j=0
(−1)j
(2j+1)!a · (ad
2j(a)(V )) = a · V, (5.1)
where a ∈ Ag, V ∈ g. Thus 〈µ, s
G
st〉 is plainly closed, indeed
〈µ, sGst〉 = df, f(a) =
1
2a · a, a ∈ Ag. (5.2)
Theorem 4.3 entails that J and ω combine to a pseudo Ka¨hler structure, and
this structure is actually positive, that is, an ordinary Ka¨hler structure. This
structure coincides with the Ka¨hler structure induced from the standard
Ka¨hler structure on GC (relative to the chosen inner product on g) via the
ordinary polar map G × Ag −→ G
C, and we will refer to this structure on
G×Ag as the standard Ka¨hler structure relative to the chosen inner product
· on g; cf. Example 4.3 in [Bie03], [Hal02]. We denote the G-biinvariant
extension of the function f introduced in (5.2) above to all of G × Ag still
by f ; in view of Theorem 4.3, the function 2f is actually a Ka¨hler potential.
We note that, given the point a of Ag,
(dθµ)(e,a) = ♯ ◦ cos(ad(a)) : g → g
∗ (5.3)
Ψ−1(e,a) = ♯ ◦ ad(a) cot(ad(a)) : g → g
∗, (5.4)
cf. (4.6) for the definition of the linear isomorphism Ψ(e,a) : g
∗ → g. In
particular, let At ⊆ Ag denote the Lie algebra of a chosen maximal torus
T in G, viewed as an affine subspace. Consider the associated positive real
roots α1, . . . , αm characterized by the convention that, on the root space gαj
associated to αj , when Zj ∈ t denotes a root vector and X ∈ gαj , the value
[Zj ,X] is given by iαj(Zj)X. Now, when a lies in At, the inverse Ψ
−1
(e,a) is
given by the expression
Ψ−1(e,a) = diag(1, . . . , 1, α1(a) coth(α1(a)), . . . , αm(a) coth(αm(a))) (5.5)
and is plainly symmetric; here the number of 1’s is equal to the rank of g.
More generally, the following hold.
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Theorem 5.1. On T∗G, identified with G × Ag by means of the chosen
invariant inner product on g and by means of left translation, let J be an
admissible complex structure, let γJ : Ag → G
C be an admissible map in-
ducing J , and let sJ and cJ be the two associated g-valued 1-forms on Ag
characterized by the identity
(dγJ )γ
−1
J = cJ + isJ ∈ A
1(Ag, g
C).
Furthermore, as before, let µ denote the G-equivariant map G × Ag → g
∗
which, restricted to {e} × Ag, is the adjointness isomorphism g→ g
∗ of the
chosen inner product on g, and let ω = −d〈µ, θG〉, so that µ is a momentum
mapping for ω. Finally, take the complexification GC to be endowed with
the standard Ka¨hler structure relative to the chosen inner product on g.
The following are equivalent.
(i) The pieces of structure J and ω combine to a Ka¨hler structure on G×Ag.
(ii) The two real 1-forms 〈µ, cJ 〉 and 〈µ, sJ〉 on Ag are closed.
(iii) The associated generalized polar map ΠγJ : G×Ag −→ G
C made explicit
above as (3.3) preserves the symplectic (and hence Ka¨hler) structures.
The metric g on G×Ag is then given by the expression (4.9), and an integral
of 〈µ, sJ〉 yields a Ka¨hler potential.
Indeed, Theorem 4.3 implies at once that (i) and (ii) are equivalent,
with “pseudo Ka¨hler structure” substituted for “Ka¨hler structure” in (i).
By construction, the complex structure J on G × Ag is induced from the
complex structure on GC via the generalized polar map ΠγJ . The closedness
of the 1-form 〈µ, cJ〉 on Ag is equivalent to ΠγJ being compatible with the
symplectic structures. We justify this claim in the next subsection.
Remark 5.2. While Theorem 4.3 entails that, in the statement of Theorem
5.1, (i) and (ii) are equivalent, with “pseudo Ka¨hler structure” substituted
for “Ka¨hler structure” in (i), under the circumstances of Theorem 5.1, the
positivity of the resulting pseudo Ka¨hler structure on G × Ag is automatic
since this structure is induced from the standard Ka¨hler structure on GC
via the associated generalized polar map.
5.2 Factorization of the generalized polar map
Let χ = (χG, χg) : Ag → G × Ag be a smooth map whose component
χg : Ag → Ag is a local diffeomorphism, necessarily onto an open subset
of Ag, and let γχ : Ag −→ G
C be the composite of χ with the ordinary polar
map Πst, that is, γχ is given by the expression
γχ(a) = χG(a)γst(χg(a)) = χG(a)exp(iχg(a)), a ∈ Ag. (5.6)
In terms of the map
Πχ : G× Ag −→ G× Ag, Πχ(x, a) = (xχG(a), χg(a)), (5.7)
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the generalized polar map Πγχ associated to γχ factors as
G× Ag
Πχ
−−−−→ G×Ag
Πst−−−−→ GC. (5.8)
Via the maps
Πχg : G× Ag −→ G× Ag, Πχg(x, a) = (x, χg(a)),
ΠχG : G× Ag −→ G× Ag, ΠχG(x, a) = (xχG(a), a),
(5.7) plainly decomposes as
G× Ag
ΠχG−−−−→ G× Ag
Πχg
−−−−→ G× Ag, (5.9)
and ΠχG is simply a gauge transformation. Since g is supposed to be com-
pact, every smooth γJ : Ag → G × Ag of the kind in Theorem 3.1 has the
form γχ for some χ since the ordinary polar map Πst, cf. (3.7), is a diffeo-
morphism.
Proposition 5.3. Let J = Jγχ be the induced admissible complex structure
on G × Ag, and let (θ, L) denote the pair of g-valued 1-forms on G × Ag
associated to J by the construction in Proposition 3.3. Then
θ = Π∗χθst : T(G× Ag) −→ g (5.10)
L = Π∗χLst : T(G× Ag) −→ g. (5.11)
Moreover, the constituents cχ and sχ of the resulting g
C-valued 1-form
φ(θ,L) = (dγχ)γ
−1
χ = cχ + isχ
on Ag given as (3.16) above take the form
cχ = (dχG)χ
−1
G +AdχG(cst ◦ dχg) (5.12)
sχ = AdχG(sst ◦ dχg). (5.13)
Indeed, (5.7) is a morphism of trivial principal left G-bundles, spelled
out on the total spaces. The naturality of the constructions implies the
identities (5.10) and (5.11). In view of (5.6), with the standard notation
dχg : TAg → TAg for the derivative of the map χg : Ag → Ag, the identities
(5.10) and (5.11) imply the identities (5.12) and (5.13).
Proof of Theorem 5.1. By construction
θst = θG + c
G
st
θ = Π∗χθst = θG + c
G
χ
cχ = cJ = (dχG)χ
−1
G +AdχG(cst ◦ dχg)
Π∗χ〈µ, θst〉 = 〈µ,Π
∗
χθst〉 = 〈µ, θG + c
G
χ 〉
Π∗χω = −Π
∗
χd〈µ, θst〉 = −dΠ
∗
χ〈µ, θst〉 = −d〈µ, θG + c
G
χ 〉
= ω − d〈µ, cGχ 〉 = ω − d〈µ, c
G
J 〉.
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Hence Π∗χω = ω if and only if 〈µ, c
G
χ 〉 is closed. Consequently the closedness
of the 1-form 〈µ, cJ〉 on Ag is equivalent to ΠγJ being compatible with the
symplectic structures.
Corollary 5.4. Given χ = (χG, χg) : Ag → G × Ag such that the compo-
nent χg : Ag → Ag is a local diffeomorphism, the induced admissible com-
plex structure J = Jγχ on G × Ag combines with the symplectic structure
ω = −d〈µ, θG〉 (the standard structure relative to the chosen invariant inner
product on g) to a Ka¨hler structure on G × Ag if and only if the 1-forms
〈µ, cχ〉 and 〈µ, sχ〉 on Ag are closed.
5.3 Non-standard examples of biinvariant Ka¨hler structures
For the special case where χG has constant value e, the conditions in Corol-
lary 5.4 take the form d〈µ, cst◦dχg〉 = 0 and d〈µ, sst◦dχg〉 = 0. The g-valued
1-forms cst ◦ dχg and sst ◦ dχg have the form
TAg
dχg
−−−−→ TAg
cst−−−−→ g
TAg
dχg
−−−−→ TAg
sst−−−−→ g.
Let a ∈ Ag and V ∈ TAg ∼= g; by construction,
(cst)a(V ) =
cos(ad(a)) − Id
ad(a)
(V )
(sst)a(V ) =
sin(ad(a))
ad(a)
(V ).
Hence
〈µ, cχ〉a(V ) = a · ((cχ)a(V ))
= −12a · ([χg(a), (dχg)a(V )])
+ 14!a · ([χg(a), [χg(a), [χg(a), (dχg)a(V )]]])
± . . . .
〈µ, sχ〉a(V ) = a · ((sχ)a(V ))
= a · ((dχg)a(V ))−
1
3!a · ([χg(a), [χg(a), (dχg)a(V )]])± . . .
For example, when [χg(a), a] is zero for every a ∈ g, the 1-form 〈µ, cχ〉 is
even zero rather than just closed, and
〈µ, sχ〉a(V ) = a · ((dχg)a(V )).
To construct non-standard examples, the idea is now to rescale the iden-
tity of Ag by a G-invariant scalar valued function on Ag: Let ϕ : R→ R>0 be
a smooth function of the (single) variable x such that the smooth function
χ : R −→ R, χ(x) = xϕ(x2),
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is a local diffeomorphism. Notice that χ is then a diffeomorphism onto
its image. We do not require that χ be onto. Possible examples, beyond
χ(x) = x, are χ(x) = sinh(x) or χ(x) = arctan(x). Pick Φ such that Φ′ = 12ϕ
and let Ξ(x) = Φ(x2) and
f(x) = xχ(x)− Ξ(x) = x2ϕ(x2)− Ξ(x) = x2ϕ(x2)− Φ(x2);
then
Ξ′(x) = 2xΦ′(x2) = xϕ(x2) = χ(x).
χ′(x) = 2x2φ′(x2) + φ(x2).
f ′(x) = xχ′(x).
Define χg : Ag → Ag by
χg(a) = ϕ(||a||
2)a. (5.14)
Then [χg(a), a] is zero for every a ∈ g, whence the 1-form 〈µ, cχ〉 is zero.
Moreover
(dχg)a(V ) = 2ϕ
′(||a||2)(a · V ) a+ ϕ(||a||2)V
〈µ, sχ〉a(V ) = a · ((dχg)a(V ))
=
(
2||a||2ϕ′(||a||2) + ϕ(||a||2)
)
a · V
= χ′(||a||) a · V.
Now, define F : Ag → R by
F (a) = ||a||2ϕ(||a||2)− Φ(||a||2) = ||a||χ(||a||) − Ξ(||a||), a ∈ Ag.
Then dF = 〈µ, sχ〉 whence, in particular, 〈µ, sχ〉 is closed. The resulting
complex structure J on G × Ag is biinvariant and combines with the sym-
plectic structure ω (= −d〈µ, θG〉), the tautological structure with respect to
the chosen innner product on g, to a biinvariant Ka¨hler structure.
As a consistency check we note that, in the special case where the func-
tion ϕ has constant value 1,
χ(x) = x, Ξ(x) = 12x
2, f(x) = x2 − 12x
2 = 12x
2, F (a) = 12a · a.
These are the corresponding identities in the standard case, cf. (5.2).
For example, with ϕ(x2) = arctan(x)
x
, the resulting map χg : Ag → Ag
given by χg(a) = ϕ(||a||
2) a (a ∈ Ag) is a diffeomorphism onto its image
but is not onto. The resulting generalized polar map Π: G × Ag → G
C is
then a biinvariant Ka¨hler diffeomorphism onto a proper open subset of GC
(endowed with the standard structure); in particular, Π is not onto.
More generally, we can rescale the identity of Ag with a smooth function
ϕ(i1(·), . . . , iℓ(·)) of the invariants i1, . . . , iℓ of g, that is, consider a local
diffeomorphism χg : Ag → Ag of the kind
χg(a) = ϕ(i1(a), . . . , iℓ(a))a, a ∈ Ag. (5.15)
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This class of examples raises the following question: Suppose that G
is simple. Are there biinvariant Ka¨hler structures on G × Ag having un-
derlying symplectic structure the tautological one (relative to an invariant
inner product on g) that are distinct from those arising from rescaling the
identity?
Acknowledgement
The authors are indebted to R. Bielawski, for his paper [Bie03], which was
a great source of inspiration, as well as for some email correspondence. The
authors also profited from email correspondence with R. Szo¨ke. Support by
the CNRS and by the Labex CEMPI (ANR-11-LABX-0007-01) is gratefully
acknowledged.
References
[Bie03] Roger Bielawski. Ka¨hler metrics on GC. J. Reine Angew. Math.,
559:123–136, 2003.
[Hal02] Brian C. Hall. Geometric quantization and the generalized Segal-
Bargmann transform for Lie groups of compact type. Comm. Math.
Phys., 226(2):233–268, 2002.
[Hel84] Sigurdur Helgason. Groups and geometric analysis, volume 113
of Pure and Applied Mathematics. Academic Press Inc., Orlando,
FL, 1984. Integral geometry, invariant differential operators, and
spherical functions.
[Hoc66] G. Hochschild. Complexification of real analytic groups. Trans.
Amer. Math. Soc., 125:406–413, 1966.
[HRS09] J. Huebschmann, G. Rudolph, and M. Schmidt. A gauge model
for quantum mechanics on a stratified space. Comm. Math. Phys.,
286(2):459–494, 2009. hep.th/0702017.
[KN63] Shoshichi Kobayashi and Katsumi Nomizu. Foundations of differ-
ential geometry. Vol I. Interscience Publishers, a division of John
Wiley & Sons, New York-London, 1963.
[Szo˝04] Ro´bert Szo˝ke. Canonical complex structures associated to connec-
tions and complexifications of Lie groups. Math. Ann., 329(3):553–
591, 2004.
22
